


Intro to Quantum Vynamics

ngmj to solve the black boalj problm Max Planck onposea‘ an enp'wica( {aw

P;:’e;zmﬁ J\I(jhﬁne&;; to be tiuanjcnied This meant that luﬂk’t with 'M‘W“Cj w is enitied

E=%hw
-3k
» Planck’ constant R 1.05X10 J-
Jometimes custom, 4o wvite
h=2xFk
Lowis de Bro?he 'ro?oSeA all qm’c icles, matter and light ave aSSocm{ed with waves,
having frequiney v “and wave ength A velated to el\l"fj(, E and momentum o of the parkicle
‘H\Toujh +kc Planck constant
E=hv p=h/A
THE WAVEFUNCTION
Quantum mechanics tells uy fhat Iijh’c diaplaﬂa both wave-like and particle like poneYJcieb.

Waves ave different from the classical sense. Tkej ave & mathematical combruct used o describe
dnnanics of quantum, ob\')ed:.

Impoffanﬂ‘j the amplitude hay no physical sijni{icar\ce.
For the current description, | we work in, R
For classical: stafe of parkicle ol t=t, % ghien, by position and momentum
{%, P
FER
position,  momentum,
and P=My

-

Then F=wmi determins % and V For all time b



TIn quantum, state of particle i given, by its wave function. y(x,t)
LE lK3XK —C complex Valued

The pmbab’a\ﬂ.’ interpretation,

Born's tule lz

PE,t)=|y(xt) P(,t) 15 the probabﬂ?h} dens'ujcj

P(R4) s the waabﬂi{'g of -f'mdiv\j a particle at a 3’1\!&\, position

The pfohamil:7 o} -Finclir\j a Pu{—hlc at time 4 in some infitemal volame s AV avound I
pEN = [4GAl
Therefore inhjm’rin?,

AOE f avp(i,e)=favlw(sz,f) i Prbability of finding & partile in
KCKJ R Qa Tejibl\, REIK3

In, one dimension, Pﬂtobabih’cj of «(—'mJinj a pockicle in an interval [a,b] %

b b
P [ darled) = [ dultedl
a a

Normalisation,

The particle has fo be somewhere in, R , thevefove we ge{— novmalised wave function,

de?(i,t) = J dV|’w(°(»¥)|2dV =1 Notmalised Wave function,
3 &
R \’{(x\k)

Juppose we have @ non- nomalised function, U(x,f)
2
j VW lut) = N <o
R3

then, we notmalize Tt



Notmalization,

Y(X,4) 2 L Tglat)
X = |6))

Now it is clear thet a function, is normalizable onl., H \Q(S’L,Jc)—> 0 su{{icicn’clj fast
That is i Ye [ (ﬁ() - Space of Squae in{zejfm&\e functions
Note: The phase of the wave function s totally immaterial as pertains fo the pvobabﬂiéj densiby

(X, 1) = ey p) oL €R

describe the Same pi\j.sucal stake. T foct |, (¢4 )| = |y(x4) |2= Pat) and no other
physical obsevvable Azpend on o

This s onL, twe S o is conshant

T4 we mulh‘?ln] wave function, by a J?ahall, vevsing phase
ci.t(ii)

then, probabmhj Aensﬂ? vemains the Same but other observables will cka.\je
Juperposition,
By Supevposition principle, 4 Yy and v, slve the Jckféo\inger eqma{:'iom then $o 1
vy (&) = <y, (X8) + py,(E4) Vopel
Addi {uonaH? i (2 4) and y,(x,t) ave possible states of a s\‘,s{'em (H‘CJ ave normalizable),
£

J0 lS 1\’3 X

Le{' SR
jav lyi(@) = N, <00, 1212
3

!

Obsevve
2
P(a,t)= <y, (3,4) 4 poy, (2,0
= ol Tz + 16 GO <Gy, +2p Ty, (AcC, 1A ZAR)

= <[P+ 1ph + By, +Xp T,
HCHCO PJ :ﬁ P1 + Pz



Tt ¥, and v, ave normalizable then, 1 is notmalizable
2 2
flws(i,t)l dv = favl«w, 1Bl

R K

2
< jmuw,n ™ x4y < %] + Y]
3

R
< fdv(lxw.lz+ Ipwzlz«t 2|vyllpy)
® Ix-ylzzo — [x]"+]y[
2 2 22\%”’"
S JJV(zldw,(i,e)l +2|pw, @)
m.’z
2 2
= 2[«|'N, +2lg|N, <
\shouinj that s is nommalizable and o vepresents a phy&'nca‘ state.
Double plit Expevimen‘c
Wy be the wave function, of one of the shiks. Similar for .
ﬂ U B’ Jupevyosihor\, p'(incfyle.
v Y. Y= Y+ W,
We are addinj wavedunchions - i-e. probabﬂitj amplitudes, not probabﬂﬂy densities

The pfobabilf17 densif7 with both ¢lits open, is
2 2
|08 + @0 | [y, R D1+ [y, @)+ 2Re (W3, ) 1, (3 1))
= &£ PE1) 42 1)

Inukke obove velakion the cvoss tevm, 2Re (v, (=, ] 3, ( i,’c)) Is what causes the inkevference
pattem.




SCHRODINGER EQUATION

Jch'f'dJ'mje'l Eltuahom
R w(@ i) = - Py@Ed) + vE D)
ot 2m

> V(i,t) : po{'er\ﬂa‘ enerﬂ

l'JJ

> plancks constant : R 1.06 X0~
h=2xh
The dimensions of h is Same a3 ar\ju‘ar momentum, L=XxP
[&]= [€]-[1]=3s (E= Energy)
Tustdying {dtdinger Equain
Assume wave function, asseciated to a parttcle is a wave. In patticular, a De Brojlic Wave.
Let w be the frequency,  wave number K, E be the tobal enexyy and  momentum, P
E = Pk
If parhcle hay mass m and po’renfial V@3, t)
E-= J:L‘LZ +V(X4)
2m,

then, we qet 2
J fw=R IR + Vv (+)
1m,
Consider a Complex hatmonic Wave
Ypu. = Ae‘(K'x_uﬂ

DiHeren{'iaJriAj Yo W6 3e{’

. <2 2

w=_1_ 9o '\YP.u |K|= v WP-u
'\YPQ at WP"“

Ju\)&":'xlcu{'inj indo (*) we gel
e Y = - P yut Vo
‘ JJC‘YP 2 Yp Yp-u

The last step is to take dkis expression. Valid for any Planc waves and ﬂcnmkz" it



Consevvation of Probabili ly

%P(m) 9|’\\z(m‘c| = (it >9w(m{)+'lya’c9£( t)

From, Jdn’bdinjef ec‘,ua{ion, we {ind (’cak’mj com?lcx (o ale)

2 (R 4) = _i(—jf ry(Ei) + vz w(‘iﬁc))
dt A\ Im

EXTCOE i(—jfzzmﬂﬂh v(a'c‘,t)w(_s’c.t')>
Jt Al 2m

Remark: Pobential V(Z 1) alua:,s assumed to be veal,
Jm’osh‘h{inj,

Probabili

Det! R
i J(2,t) = (W_vw(u) w(£.+)zw<x,t)> current

Note: The d?vevjenoe, of T s
V' J- = V . ¢|’ - - 4 _.sl Z -
vy=1Y [-ﬁ(«(hﬂc)y Y(Et) - YEA) Ty( ) > }

- ;Zm(wzw -y + LTy - W)
m,

(7% = v.v(#))
Thevefore we 3ef

PEt)+ 7T(24)=0
a9t

M

Flux of P«obabﬂﬂy



COMPu{ir\j pvobabﬂi@v in a 'rejioq, Re¢ IRJ', Pk(t)

ACE f dv P(3,t)

R
By the above, we 3e{'

PAADE favatp(i,t) = -favy-':f(azﬁc)
dt
R R
= -Jdﬁ ) (x,t) Gows$ Divergence theovem
ok

We See that the pmbabﬂ:t that parhcle lies in, & can chanje onltj i there is a flow of
Pfobabﬂﬂy Hwou\,k the Jwr-IlZCC R that bounds R

T4 J=0 on 9R of R hay no bounds, then, Pfobabfmj that particle i in, Tej'lor\, R s
time independent.

T+ we consider R => 9K=J:) . We Showld have

fd\l|‘\v('£,{:)|z<oo & 3t — 0 ay [xl—0
R 2/
& ye(R?)

We need

fdo-?r’(i,t): 0 => 3 Py:0
P ot
o0

Remarks:

1) The operatoy Al Hamilbonian, opevator defined as

= _1222 4 V(ﬁi,i) Hami[tonian, Opem{'or
m,

o
—~
fib
-
I\

Different choices of Hamiltonian, describes diffevent (aws of pk’sics

In pavkicular, the dchrodinger eliua{'ion, 1 onL] valid  for non-velodiviskic pav’r?cles, Le. when,
velocity of partides mach f1:53 thon Speed of’ light



7.) Geneval \Sch'r'ddinqw Equaﬁon,
"2 (3 4) = HE, B v t)

3) Enevgg in classical 1
- 2 <
EC('—'.I.&I. + V(JL)
2m,

To gef enevgy in ayaanl:um, do vanhia{ion. Take map$

5 IRy

E‘d_a ﬁ

Quantization, and Observables
In classical, state of @ parbicle i described by position X and momentum, P
{Z, 7 : observables
F(X,P) s & classic obsevvable
Iy, q,uan’cum, state of particle is encoded bn s wave Junckion, which gives p1obab?\1h} dem?h{
PG = [v(E I

Jince we do not have certarntj, we cannof mllg speak of o valwe of the position. In the
Pfobabﬂ?kﬂ JeH'm?, We wfe the' mean, value

Xy = dV£|v(§,t)|z=de '\-((i,’c)'i\y(i,t) Mean, Value of Pos?’don,
'S R

Remavk: This 1 bas’:call? the fovmula fov ex?ecfa’c'\on, value
Looking at momentu,
2
{3 = f WP lyE ]
2

We mwt determine the X dependence in, order to perform, the Tnl:ej'ral.
Remember the frick wied to jutidy Jehvidinger Equation,

WP-“@'%) T A(’,T('/ﬁ'r'x- ) ::> 'ﬁ\y?u(i,{') = .IRY\YP.u(int)



and suppose this holds fov any qgeneric wave function,

PyEt) = -Ryy(E)

where %‘ s the momentum, o?m{:ov. Now

(P = f vy t)py(t) = ik f WYETyR )
R® R

Thevefove in q/uanl’uﬂ, momentum 15 not & vector but an oymhw

Ne cannob think of momentum, P a3 an obsewable in the classical sense.

Tn, quantum mechanics, observables ave opemfovs ac{'mj on,
wavefunctions

Tn geneva(

0,337 — g)iﬂcl(’i,lﬁ) This e'rocecluwe is called
q,uanhza{:fov\,

@)= [av(as) 8- ylad
RS

As we Saw above, operators for momentum, and  pusition, ate

2-y(&,t) = XyE ) PyE ) = TR TE L)

) E(& ) 2t ﬁ=|-2ﬂz+v(a“c.t>
"

Hy@Et) = [_21 vy v(&‘,f)] y(3,t)
"

2) In classical, anjulav momentum, 15

Bg quan trzation,

Ld=£7(—f?
Leg= £;(F m ::fxp‘ -
L-y@Et) = TxCiRZyEL)



To see +his, Considev fivst component of anjular momentum, L. Bj defn, of cross product

- A A A A A
Ly=Xop, -%3p, ® L1= X, 05~ %3P,

LR ) = (8,3, -24p) wlEt)

N

= %,9,%(E,8) + L;p,y(E D)

- &‘z(-?’fxﬁ '\y) + £J<-m_gy(x,+)>
o Xg Jx,

L, 0E ) + 2,nG
201 + agn(it)

= mz(-t%ay) + 13(-7K£:z>

I

wheve we defined
dXt) = -k vy 7\(5?,{') = -th 2 y(x,t)

Note: Tn 3enem\ opm%ovs do NOT commute

In, 1D: Wavefunction, (xt)
5-y(t) = 15 2 wlgt)
0%

% . ‘\((i,{) = 1'\?(1&)

Q.Q_Q_Q (...;’{_): Q.( 0 A'_é
(p:t, Jcp)'\v:x p-(xy) + 1R (93)

= ik 9 (ay(ut) + R d wlnt)
o X

:-7R(x_awf + w) + iR 1_9_'\:{(1,%)
ox X

= 1R w(R,t)
Commutatoy : [A, 5] = AB . 'f},’& True when, ac{in7 on .Funcjdons of o
%,p1= -ik

Poisson, brackets (.x, P\1P-le



He?senbeiﬂ (Ancev‘m?n{j Pﬁnc:rle

Vatiance

Basically tells ws how much the p'robab'nm:j distvibution, of the observable O is spread avound
ity MCZr\, value.

Variance : (A 0)2= {(6-¢ 6))5
= €0%-26<06% +<0Y)
= 0%~ 2€0<0» + KO0¥)  Linearity of Ecpectation
= (6% - 246Y + <OY 0 is juwt a number

— Vaviance

(10)" = <62 - <BY°

Heisenberq lUncerbainty Principle
J J L]

Thete 1s a [imit to the precision with which pairs of ph«jﬁcal properties e
position and momentum can be \STMu&aneoué"’ Kngun.

Tn other words, the more accuu{e‘j one is measured, the less accum‘cel7 the othey
Can, be Known.

Fov poJ?Hov\, and momentum, this s expvessed b(}
Ax APZL
2

Proof: Dropping the explicit dependence on, 1.
Consider the 1D family of wave functions
W, () = (P-152) ya) JeR
for some Teference wavefunction, Y(x)

11{,(1) ate bonafide states = H\e7 ate positive definite

fdx|11{s(l)|22 0
R

Thevefove we ae%



0¢ j dx (-163)- ) (- 152 le)

fdx ,’f\aw(u) 15 1,,(1))( ( ) mﬂy x))

= f b [0 ) + 1357+ AT + 5Ty ]

R
Lnl:cjnt}'on, = fdx[ Kﬂ((ﬂ) (l J'\l’%(«'xw) 1 Mm@,'@? 14 |1V|1]
A R Y- ’&)2 ’ |mr|z+x1?9$ly
¥ Py -thay= Py = 9xy- %?w

E fdx[fy?zw-’fwl‘vlz-' S 2 + L1yl
iR

- fdx [ - fslyl 4 2 ll’]

R
= P-4 5D flwl1 =K =1
R

Make, the folloutng assumptions i not, redefine

37 =0 £ — -4

(=0 P — p-<P
We then qet
¢ fhen ge (A.x)2= <£2> (AP)2= <§2>

Hence
0 € <P* - s 4 §<&D
S (Bp) + &(A) -5k VseR
This is only brue if 'njl\ -hand Side has one or 2evo vools =2 discriminant non- posikive

K- 4(A.x)(Ay)‘O = axlp2k
_



Example - Gawssian, Wave Packet

Consider the -(oﬂoufnj novmalssed 3uass?an state

2

'\V(x): (%)# e-«%

Aside - 2
00 2 00 2 00 2 00
T= fa,(e'“ = f=(fa><e'“"> - (Axe"”‘ fatje’“’z
-00 -0 -00 -0
® o _a(£+jz)
= ,(dxjd:’ ¢
-00 -0
us?ng Po!ar substitution,
X=7¢0s 0 «jrv.s'me
New bounds of 7n{cj'mjc'|ov\'-
041£€0
0<0<2x
Ix (o0 2 7
2 -aY 2
I=fdejdﬁrc - &8 = I-= (_;1)
4 a .
0 Jacobian,
Hence
2
f dx|w(x)[ = 1
R
Impoﬁo\n{: |
1 Z?-ﬂ't-m(2 ro “-axz
Im(ﬁ) =_(dxx e = Idx(-_d_ ) e
-00 -0 Q




Compu’cmj mear, values i
©  _ax

1) &)= dew(a)xw(m) ﬁjdue = 0

) p)- [ wpwm-_,xﬂm( 2)me™ -0

Compu’cm mncev‘cam{'es

_ax
) de?=-adxe
2) {p»= (l‘n)f-_(dx a%i ol % 2
n Ax g -0X -ax
R ize 2 __ge?

_axt oyl ox
- -T\ZJZ deo\e + fdxafxze “f :(
M LR R
=4[ a(—n‘)fz - fo
T X 2

e see that

Ax Ap = BN 4N [ = —§-



SOLVING SCHRODINGER EQUATION
Focu.s?nj on 1D
Time independent .Sclw'ddinjev E@uahoo\,
Assume V(x) to be stabic, ie. fime independent

1D Schvidinger Equati
1839l £ Zvlat] + Vi) viat i
2m 3o Fime independent pohn’ﬁa‘

Jeperation, of Varlables
w(x,t) = ulx) (k)
Plujj‘:nj ansatz fn, .Sch'f'da[injn Equation, and dwiJinj both sides b‘]
I = g .U_). tV@) = E energy constant

T(t) 2m, U(x)

t

o
-l

EGR)T(t) =>|T(k) = Ce

>lm

= T’({') = - wheve ¢=T(0)

-1
R

Jeb C=1, we get

Et
'\V(xn {I) (A(i)

Here ulx) is the solubion, fo the fime-independent &,hv'ddinjev Equation

1 45w £ ve)ul) = Eul)
2m dx?

Jta{nonam’ statey have definite enev”

AE=( {w«x.&) = ulx)e ®
H'\y(a,’c)c Evp(xt)

_LE{'

We can vewvite above a$ uﬁn’ Hamiltonfan, ope'mtov

H(x)u(x) = Eu(x) ﬁ(x)= & _dlz 4 v(x)
2m, dy*
Resembles e?jerwalue poblem = admils golutions fov gpecific values of €

::> enev% q}\anl:?éed anJ Jolu{:ions La“eJ Jhkonawj J’(ales



Particle on, & civcle
Focus particle on & compact space: 6*
§t X~ +21R
There & no potential = v(x)=0
Thevefore the fime independent ettua‘c'no»\, becomes
_Ku'(0) = Eule)
yL|

= u"(ac)z-lmi& us) — @) =A| AeC = ImE
f >

Pasticle fives on, & circle , $0 impwing perfodicity condition (bounday condition)

wxt2aR) = ulx) = K=AKL neZ  quantization, condition,

Thevefove both momentum and Enevg«j can, onla] fake discrebe forms

2

= %y\, Ey= Z_;ETLN nes

The collection, of enerjies i called a Jpechm of the Hamiltonian,
For n=0, w,(*) % called the TtounJ state
N£0: excited state
Classtcal [imit
Quantum, {heo'rj conkaing classical, vo we need a way o} 'recovc'ri’nj classical mechangcs.

We need ko be able 4o vecover classieal expressions and expectations from, @uanhm, formalae.
We achieve +his b‘] the [limit

f—0 classical limit

% & a wniversal constant. Jo R0 does not make gense. Prackically £his means when, lmkmg
the clagsical lwit, we assume R i very gnall Compaved o the Jgskem Jcal;.

Tn the circle example, these ave tadius R and mass m and we oy
mR DR

The telabive energy levels become



EAH - E.\,-‘— M
(2mR?)

become very small and energy become  §mall.

Ao true f n becomey (afye.

Con‘cinuinj analvsis of parkide tn, @ circle, we need to ensure wave function, 7s cmrrech
notmalized

2xR 5 )
jdmw - 2RIA= L (hen no0)
0

fix A=_1 . Then

2xK Tk

M,\(x)=¢_ neZ
22K

Particle fn a boy
Conoider particle confined in, interval xe(o,L)
Achieve this with infinite pobentiol well
{ 0 0<x< |

Q0  othewise —™ w=0

'/\/\/\/

L

V(x) =

We are dealinj with o free particle, even, Htoujk we introduced a potential.
Jchﬁsdinﬁer e1uahov\, splibs into £wo

K u'(x) = Eula) 04x<l
wlV(x) = "2m

lim, [— %’L w(x) 4+ (V—E)u(x)} =0 otherwise

V=00

inposing boundary condition,

lim, w(x) = lim a0 =0, w(0)=0, w(L):=0
x\0 x/0

we need wavefunction, o venish io‘en{ica“t, ot Snfinite polen’fia‘s

) < {M(l) 044l

0 otherwise



The 3ene1a| solution, i
WOEY e @70 xe(o.L)
By superposition, principle (ko sahs1‘7 bounc\aw] cond tion, w(0) =0
w(®) = wo) + w () W) = Al 4 g
Appljinj bounJaﬂ] condition,
) w0)=0 = A+ B0 = g--A
2) () 0 = AL™-¢™)= 21 A1) =0

= KlL=nx
= K=AE'_ neN

&) = As?n,(%nx)

Nomahu{ior\,i We 'reallu'rfc

L " ) L.z
J|u,\(u)|= 1 —> A JJII\ (A_/\O()d)(:j_
L
0 0
= A'L:=1
2

= A=E

Hence ()= Fdin(n_m)
L L

Expression o enerdy 1

En: L_n, neN
2m/L*

The probabil; &1 densibies of the stat onary § stakes ave
|u,\(:xl = %[m(ﬁnx” . neN

L

belou, we p‘o‘: jmrhs



Probability densities for a particle in a box of length L = 7.

As n increases, energy Sncreases the particle 1 more and more Iikclj to be found at n
sepevate points where qu.\(x)lz exhibits maxina.

Classical limibk 7s achieved when w[% is vety (avqe.

BOUNDED AND BOUNCED PARTICLES

Jtudﬂinﬂ potentials that ast,mptoh to a constant value.

lim, V(&) =\, L @O
x40 r

The {ollowinj is an, examplc function,




Ouy pokenhal needs to deca«j \Suﬁ-men{:lt) fast.
When, ¥ 1 lavje, x—100

AW~ (E-V)u)  , w— 4e0
2m, -

Pavticle approxinately free at lavge distances. There are 2 qyuah‘mhve(.] different solutions:
) E-V4>0 ¢ Jcchﬁn7 states

T, this case , wave functions ave chavactevized by ki€ R and behave as«,myio{?caﬂ«,
a) complex exponentials

wlx) ~ qe - E-Vy=R
X910 = m

x—1

EUN

2) E-V+ <0 : Bound Stale

Tn, this case , wave functions are chavactevized b7 1€ R and take a\s«,myio{?call?
fotn, of veal exponentials

W) ~ A4 Be™ E-v, = _sz’\
X310 = 2"4,

xX—1%

[ CR

Note: Neithey
¢4 e
Vs-c(“'k) =ae and '\yb_sz Ae'lﬂ [;e"
a1¢ Wave "FW\CHOHL ‘H\Qlj ave bo‘;h‘ non_no“ymhzablc

Bound State

To solve the fssue of non-normalization, we solve this by Tequiving that the {full volution,
to the Jchfddm\?ev ea]/ua{'ior\, be

Bc—lmlx x— + 0 Bound Stater
u(&) ~

n-1x
Aeﬂ X - 00

Fot Jcaﬂefiuz’ skabey we need to be move caredul,



Pokential Well: Finite well

Consider & finike and S‘Jmmdﬂa well Vo -L<x<¢L
J A v(x) = z 2
0 otheruise

The \Sch'f'dd'mjev ecluajc'no»\, become)

%(E+ V) ulx) Lexcl

Eu(x) othevwise

pofr
Pl

o Rl =
Im

Vo | v 0

C(eaflcj W) B disconbinuous. We wank w() to be continuous
In%eﬂnjcmj around fnbevval (-42-¢, Ha +¢)

Lyg Li2+¢

- fdx W) = fdx(E-V(i)) uln)

2m, 'L-.-z -Lfz-¢

Tn the limit €20 LHS becomes 2w w(-Lha) and RHS % finite since it the mkejm|
of a piecewise constant.

=> ulw)e €
=7 continuously once differeatiable
We want bound state solubions, when, :E< Vi=0
Note: NO non-zero solutfons for E<-Vy ay wave funchion vanishes ideatically

Hete u()= ae™+be ' inside and oukside 4he well whete

w~ 0

A0 > = ula)=0

W~ 0
&L3-0

and w(x) = ae™s be™ 15 not novmalizable .
Hence dolution inside well is & sum of complex exponentials
Obsewak?on} Vi aﬁmme’cﬁc hence

Vx)=vlx) = ¢ ﬁ ax) B a JO‘M{IOV\, with, enevgy E , then, ula) i also a
Solut ion, with enequ)

Assume no bwo distinct stabe passess Ehe Same energy



Assuning for each. energy E, 3 1 single state

w() = dul-x)
u) = sul=) = Pu(-(2)) = Pl
Thevefove we have 2 classes of dolutsons
1) even: w(x) = u(-a)
2) odd : w@) = -u(-x)

Even Case
Qutside well
casl ot ww=Aet W= _2mE
2 1
cx<{-L M(I)z Aeﬂi -y\": _2mE
2 7\1

Oubstde Well wave function, has form

e get

} = o=+%1

[nside well

e -Ldlx< L
2 2

ulx) = Beos(ka)
= 20 (E+V,)
7\,2

AV

ux) = 4

x{-Ll7

7 L2

120

Tnside well : potential constant, E-v(x)= E-V,70 = solution is complex exponential

Pav?&, fovces

w(x) = Beoy(ka)

x| < L
2

k>0

The velations of N, K to E and V, ave

Lmposing conk‘irw’:(:.,
1) ondinaiby of ala) ab x=4f2

lim, u(x)= Beos/ KL
Jﬁl/‘-’;_ 0 ( 2 ) /( = Impose %Mm‘j




lim () = A M S

L
.x\.?_

A2
Hence Beos <KL> = Ae
2

2)00»\{:%\,«1‘:'1 of wla) ab x=4/2

L
lim /(%) = BKeos( KL lim o (x) = - Ae"\i
“'/ z ( 2 ) x.\.w.L:-_ A

Jo‘v?n9 1) {ixinﬂ

1.
Ve get s(KL[2) &M = Brsin (K
gk ol o7 = BomfEL)

-

= v\co\s(K_L> = KJi»\(LZL>

2
= Ktan, KZL) =1, 1\2+ K= 2m, v, eq{uakior\ of circle

dashed lines
Jolutions are in%evsectior\.s o-f— the 2 Plob in, ( k.V\) p‘anc

Jpecémmj‘ t E1}
¢

is discve

limiked (nok )




Looking at fimt of tafintlely deep well V,—>00 Tq order bo \m‘c',sq(:j

2, .2
'{\-I-K:%Vo

take W —00 in concert. At the dame fime, transcendental ealluaéior\, 1 satistied for
k= (- neN
Now clcmlv euev” E,,(-,1'2 dive'f?es to co

We alwmjs have freedom to choose veference from which we measure energies of the Jv‘sfew\.
Tn, this " limit we choose Teference to be the floor of the potential -V,

Redefine energy E=E +V, . Then,
E's & - K% Gn-1)
Im, 2mit
which 15 the odd pmrl' of energy of particle of the box.
0dd case
Works out like the even, case . Jolution, has form
A x -t
U(ﬂ(-)-'- { BAW\X:'.‘L) -L/L<1L7 L/?. > ,ﬁncc u(—;): -M(J(.)
-Ae X2H2
Imposfn7 Contingity
Con{?nuijc«’ of ul): Bsim(KL) = Aiwz
p I, - z -nl/2
Con{n\,mh’ of wlx): chos(K%) =-qAe’
we 9e{: c«luahol\s

2 2
mily h| | TR
We are no longe 3uawnteed to have atleast
one Solution.
B * The first dashed line emerqes -{mm the k=0
AN B axis nto the fint q/uadml‘t ot KL=m.

f The civcle interseds +his line onLJ 1f

Z_"\VD7LZ =$ Lzl'\\lo 7Lz
R L R 2



Thfouinj Pa'f{?cles at walls

Turn, to J&uo(7 JcaHeﬁnj states.

We throw particles at a potential wall and ge¢ what happeqs.
TKx

U\(Ot) ~ ae' nok h’\kej'mblc
Jx) = e0

Constder  wavefunchions of form,
1)z Age ™ keR, Al
with definite momentum, p=RK, but not admisible since it is not normalizable.

Thevefove instead of a.s\Soc'mHnj wavefunctions to Jinjle parkicles, we take them to be dascribing
a continuous beam, of pa'r{‘:cles.
-iEt 2

2
Plat) = [yt = lua)e ™ |
=|Al
|A|zi Average density of pardicles
ge denity of
Compul:?nj pxobabﬂ?h} cutrent
7(x)= m[t-v@,%)éﬂy(x,’c) - y(xt) 3 «‘Muﬁ)]
2m ox I

-1Al'p
m

which is average densit |A|Z X velocthy P = avevage flax of parbides
e density 9 ge flux of p

R 0 &0
v V(x)=
U 250

dtep potential

beam, of particles

g 8
4

'_'&Luu(u) = (E-v(x))ulx)

2m
+ 240, V=0
*k Sk
W= Ae +8e K= J2mE 70
18

Heve AtjkJL is the 'fiﬂH’ mo\ﬁnj Paff’t.



+ %20, the potenttal is noq-zevo but constant = we 3& exponentials

() = '“ + De ik K'= ,{2;2502 Kl for EXV
R

This is too Jev\cu‘. ke for E<U naginary
- For EXU,
K= ith o= f2a0-E) >0
K,
Then,

1'%

W)= (e 4 De
not notmalizable = thevefore set D=0

- Fory EU, J)e-'m're‘msen{s left mov'mj wave , but left noving Jhould on(-j exist
for 2<0. no emitter at x70 3oinj eft -'—'-'91) 0

Thevefore the solution, looks [ike
) = {Ae":3L -'kx x<0
Ce x50
Imposing continaity,
1) Conkingity of u(x) : A+B=C
2) Cont muuf, of W) : k(A-8)=1K'C
The Solutions are

B=k-K A (= _2K A
K+K' K4K!

¢4 with veflection and transmission, amplitudes for waves

Ca[culakng Fluses,
2
T 1Al ’.«L

T = 181 i - A L_(m,)

Jerans = 1€ IL_ = AL
M K+F'



CalculaHr\j the vatfo of Fluxes,

veflection, coefficient : R = Jregl = (K- K )Z
Jinc K4k’

I
transmission, coefficient: T = Jivans = _4KK
Jinc K+K'

Nofe: R4T=1
Look'mj at limihv\j case

* E—>U: Tn this limit, K—0 and (RT) = (1,0), 50 when, the partick, has bavel
e;\‘oujk energy to make it over the well, it is dimply veflected back with almost 100/
chance

* E—00: Now K%K and (RT) > (o, 1)

Enev, rows move and move, there is less and (ess pvobabﬂfh’ that the partide is
'Ye-“ec?edj back.

When, ESU, in the vegion, x>0 Aej?or\, 15
al) = ¢ n= 2m(U-E) >0
R



Twme"s'nj
Consider a bump pokenjc'ml.

P\ U -L/2<x<L/2.
- 1o e T e e i
""""" V] Otherwise
beam, of particles - _L__L1__1_______
0 71
both +t hf/ left Moving only tight waves
waves
1k
al) = e ii.s ﬁ)% mov'mﬂ
Taterested n, dibuations 0CEC U L T
K>
Our golubion, has form, 8,0, FeC e
-1k
e'kn:‘Be I x<-La K= y2mf 20
W=/ ™4 Jxl< Ll 3
F e Ly "= [2n(E-u) >0
R
Impo:7n9 Con’t?r\yd‘nj :
iKg g qh
)(onjcmul{’c’ of u(i) ak X< -L e “+Be = (e 4D eayl
e 5 ot
)éon’nnuljﬂj of wl(®) ot J.--?l: ik(e ‘Z_ kL/z)”\(D 2 2_(e'2) eq 1
H .L. L
3) (onjnr\w{’l’ of a(x) ot x-= = Ce ,\l; + De'2 %3
L
)Cof\hnuuh’ of W) at - ,ii skF 5 z 1\( "/Z-Ce'\/z) eq 4

I r\coMFnj flux
AR 2% [ w(1)9, u) - uS&RM]



- _I;%\ [( Bz kx.)( *'”’E :KBe'kx> _( ch:L+ Bj“) ( —lc- +‘KB&.K1)]

i - ~21kx

= ‘_LK._[ 1K<1-|B| 8¢ 4 Be kx) k(l 18I*- 8 +2kx+ Kez ”
Zm,

= ik (1-18]°
£ (2-18)

Trangmitted {lux
J’m}lm\
LA LIFI

From COnHMﬂ‘j eiuahons, conSider the }oﬂou!nj Sum
k(eg 1) -i(eq 2) + (kcosh(nL) + insink(nL)(eq 3) = ksinh(ne) + incosh(nt) (eq 4)
"

— |- aniikL
2chosk(1|L) -?(Kz-r\z)s’mh(v\l-)

Then the tmnsmssmv\ probabili hj Yeads

T= [ LKy 1
l{KV\ cosh* (L) + (=4 )sink (KL) 14 (Jl:_Lv\_") sinh(Ly)
K

So thete T a non-2evo chance that the pavticle makes it through the potential wall
L " quantum {unneﬂ?nj"

Look?nj at hn’&?ng case When energy of pMHcle is very low enevqy

— U-E vevy lavac compaved to o feature of the ijh"k with dimension, [E]
Bj dimensional ana\‘jsis, this 1Mn{?{w] s KIME Henwe

U-E >>j: = al»1
mL2

o the 'r?:me can be veached n man waps en’d)e'f taking U much |avj’c1 than E ov L bemj

vety lavge or K bem’ vevy small (classicol limit The, ave the Same vedime.



Eigenvalue Problem of Sturm-Liouville type

We will look ok a move genml and fomal fook ok the fime-independent Schridinger equation,
_L L "6 + v(Dula) = Eule)

and More 3me-m|l7 at a JPecm| case of equations that his belongs o’ Sturmy-Liowville problems
SPECTRAL PROBLEMS

The time-independent Schvodinger equation is & special case of a second ovder linear ODE, whose
3ema| ot s

(L)) £ W6 4 gl () + gule) = Ar)u(e)
 fferntil opersbor
wR—C  uellab]
p(l),ay(i),f () are complex Valned {unchons,
Ne€ “the specttal parameter
We need bwndaw] conditions (Divichlet , Ncumnn. etc)
() + Wal) = Arb)ul)  Yoxelab)
{ a (5.: (p 0 "
G, and B, ave [eft and 'njkt bomda’ﬂ’ conditions.

The dpectral problems for opevator L:
Find all the eiocvwalues A that .So\‘«is-[7 boundary condition,
8, (') =0 B, ()= 0

A= x=b

Jome %emmol%_i
v AeC eijevwalu
wla) : eijer\%unchom wsociated £ some eigemmlue A
{A"}MCISNB the set of all ei,evwalues.
Jincg Stum-Liowville probles, i linear, 1 n@) and v(x) are 2 solubions,

@) + pula)  Ya,peC
% a .Soluhov\,



Sturm- Liowville problems (- L problems)

A Jpeda‘ case 0f Jpec’cml poblem,

(L)) =L 4 (PW) + Q) = M) Vel <R
B,(uu)=0 REEmENES
B;(u, NEN) wrm - Lowville problem,

| u(x) {s complex
wheve B, and 8, JaHS{«j P

S(x)>0 i alw
V“‘l"ectl [V'(-'L P(x) ()~ V(x) Plx) 1)] 1) s teal valued

P(x), @) is veal valued

Aside:
> Vecor inner product {y,w>
> M s hewmitian, 1 <Y, MWD = <M+!,w>, M e Mat(c)

We need this condition, becawmse
b b

= fdx P V () (L-w) () = f dx v(ot[ di(?(x) d6) + g u (1)}
a a I
Inkﬁﬁahom b = [ v(x)u'(®) P(x)] f dx [P(m)u(m) () + Q) ul) V(a)]

= [V’(x Ju®) P() - V(x)ulx) + dx [ P(i) v'(Jl) +Q(1)V(1)}

dx £(x)(L- V) (x) () w(x)

j u(s)
a
[ () u(x) Px) - v(x)(x) P(at + f dx u(at[ P(x)v(x)) +Q(1)v(1)}
a
= [7()ux) 2 = 96 s) ) | + [
a

b

b AL
=1 6T = [T
Qa

[

Opevatoy L s Hevntitian,




Define tnner product for complex functions on, [4,6)
b
v, U\> def(u ) v () ulx) Taner onduc(z

[

Properties
1) Qyauy 4B = adv, ud + pdviu)  Yoypel
2) {v,u)y=<Luv)
3) {u,w>2 0
g) lum)=0 & ulx) =0
Tn this notatto

<V,L.u>'-' <Ly, wy Hermitian,

In velation, to 1uan¥uv\, mechonies , TDJE s an, §-L problem,

_L_zu" 3) + V(x)ulx) = Eul)
2,

flaer P(a)=+K Q)= Vi) A=E
Im,

Vev'.{-‘J?nj that §-L problem, sadisfies 0-D and N-N conditions

» D-D:
Juppose boundary conditions ave B, (uy) = wa) B, (wet) = u(b)

D-D = ula)=0 and ulb)=0
= [_V () u(2) P() - V() ul(x) P(at)]

A= 0

x=b

m

0

» N-N:
Juppose bounJmn, conditions ave 8,(wu) = W(a), B, (wu)=w'(b)

NN = W(@)=0 and W(b)=0
s A AAL O ETANATAY

A=0

x=b

m

0



The wavefunction T

_sEt
p(x,t) = ulx) e I,

= -ik | v d - wix,t)d vy
7(x) ﬂw,wwa,w Wut)d §( {)]

-_ik [a(u)a'(i) I a’(x)u(x)}
im,

= 1 [0 P - ) P) ) | = 300 L 50- 709

W J-L boundar
condidions are hJc, U

4P =0
it [a,b)

=0

hev b 2
il Pl f dx |w(t)] = Pla)-P(b)
(/3

PROPERTIES OF STURM-LIOUVILLE PROBLEM

Two functions ave ovkkojor\a( o
b
Gy = [ 6)Tute) -0
a

Recall ntegral
eca ne\«;w’;

% J sin(n) Sin(mx) = 6mr\. mneZ

’ {u"(x) =f%6in(nx)} neZ
L,

owH\ojonal normalized functions
Reali’cj of the Spectrum, for Sturm- Liouville problems
The spec’mrunf\, { A,\}M iy of a J{'uvw\'- Liowville problems ave veal Ay€R, meT
Proof:
Jtart with §-L problem,
(L-w)®) = Mula)
with Ae€ and u(®) =0,



Then, we Compute
Muw 20 = CwLow) =4Lww) =igwy = <uday = Aoy u)
= (A-A<uw =0 = 2w w
=0 since {w,u) 20

[
vakoyor\al'h} of eijm{unc’dons in, Sturm-Liowville problems

Let u() and a,(x) be efgenfunctions (solutions) of & Sturw- Liousille type operate’ L
associabed to diffevent eigensialues Ay and Ay Then

<u,,uz> 0
Prook: ASw,up0 = Swy, Loy
=CLew,, uy)
= A <u,, Uy
= (-2 )Kw,u=0 MEA,
= {u,u =0

Reduction, of spectral problems to Sturm - Liouville by pe
Amj second ovdey ODE can, be broujhk o §-L problem,
Considey 3ene'ra| case

W) + pla)u'la) + q/(a)u(x) = Au(@ulx)
Mulkiplying both oides by R(x)

Ru(x) + Riap(x)u'G) + Rlx)g()ulx) = Rlx)Aw(x)ux)
Need to vecast it Sabo J-L form
- d— (P(l) '(1)) + QEu(®) = -Pl)u"(x) - Px)u'(x) + Q () uler) = )\p(i u()

Thevefove we Sef
Rx)= -P(x)  and R(i)p(l) = -p'(s)



ey : - e T v )
'1’;_(%) p(a) = pla) exp[ fo ds pls :,

Therefote | we have

Plx) = exp[f;s p(S)]
0

Qx) = -q,(x)exp[f;s p(&)]
0

£(a) = -w(x) exp [ ‘( Tis p(s)]

o (%) - 2 6) + ) = - Aatule)
= w'(x) - 2 6(x) + 1 alx)=-Nalula)

x x?
Coef ficients ave

) a2, gl L wle)f

|
X a2

The primitive of p(at)

x %
flp(s)ds d J,‘Zé;:_( = -2(073(.

Now lu] substitution,
2
px)= x
-

2
(1)7-"11? = -
QL=

?(x)= —(-f)(c{z): 1
Hence the Sturm-Liowille form, of the eqluakor\, t
d (_L u'(ot)) _ w(®) = Aul)
x4

T ax\ a2



Quantum, Mechanical intevpretation, of J-L Boundar7 conditions

Consid
™ (o b) = wl) B

With the fanction, u(x) Jafd-fij'mg J-L f:m)e 0DE

Pa)= #/2
- (Plx)o(0)) + Qla)ulx) = A(a)ula) | {Q(ﬁﬁ: \l(atwL

$() El

A =

From, the definition of pfobabﬂ'xh’ cuvrent
4 —
Tlyt) = -if m(\v(x t—)dxw(x t) - ylxt )agl ‘lv(x,’c))
Jub:{i‘ru‘cinj Wave eqn,
It) = J(x) = %(K’(i)ﬁ.lu(i) - L )

:_fl—\,( i () PG u(x) - w() Pl (1))

The (L condition veads
[V'(x) P(x) wla)- V() Pl W 1)]

= J(b)-J(a)= 0

Recall bﬂ consevvation of Ffoba\o'sh%?

9 (i) +d g(x)=0
It dx

b
PL%]({:) z j dx Pl t)
b

bo.
f% Rt = fuc%( Plot) = — | dx _g_xJ(x)= J(b) ~J(a) = 0

(/8



Rejular J-L pvob\ems

Eigenfunctions of J-L problems have ovthogonalit 1eIaHo'§. We wank to know 3§ they can be
ude to veconstruct any Function, in de{irﬁz? inh?v«! [a,b

(like Fouriey Jev'(eb)
In mathematical Jav?oq,
"Do the set of ¢ en—funcf?on,s form a
complete o1thonovma 5951‘@4“

§-L problems produce complete ovthonormal Jﬂsfm undev ;}ollouinj conditions

> a,b ave finite
> P(l), P'(i), Q(l), () ave veal and continnows ir\,[a,b]
> P(x), 2() are .s’c'ricHuj pusitive in, [, b]

¥ l\egmlar §-L problems, the -Followinj are e

l) The eiﬂcr\ulm arg, ©0 many, countable, fom, an, ‘l'ncreasin] Sequence

(A'JIMN }xlé )\lé ,\}
with |imihnj behaviour
im, Am = O
o

2) To each Mn, is associabed a wiigue eigenfanction (up bo multiplication by constant)
)
that has exacH7 m-1 Zevoes in, xe[a,b]

3) The et of novmalized eioeﬂ{uncl’ions s a complete ovkhong 1ol sas{m

{up (@)}

meN



Power Series Method
HARMONIC OSSCILATOR

Harmonic oscillator has pofential

\I(&)-‘: sz.x.z
2

which gives the q/uanhn havmonic 0scillatoy

4 7# o'(x) 4 _é_m)zxz u(ﬂ) = Eulx) Qmmhm Havmonic Oscillator
"

Ta9(01 Jevies and Anal,Hc functions
Let {¢ CW(K). Jelect x,

&0 n
Z_#‘L(A)(%)(*’xo) = P(x) Ta9|w expansion,
n=0 -

De-ﬁn':f?or\, Analyh(. function,
If for any inkevval I Juch that %€l
it VaceI, ?(x) = Z_ ' {—(A) (1) (x x,) Converges on I

'\.‘0
= § i analytic on I

Ve (-0, 0)= R



Functiony can be Ma['jhc on othey intevvals.

4 |09(|+1.)-‘— i %f&n 16(-1,1]
nz(
> l09 (1-a)= i -:': ;(_é[-i,i)
n:0
> (“l’l)o(:i(:(\) -X.'\’ X€ ("I) ') dé(-ili)
n=0

Properties: {, 9 Ma[#io in an tnkerval TSR about x
) MY Gum, of pmduc{'} of £ and g a1 ana\-,%'«, (linear combinakion) on, I
2) i} o)=0, ¢(I') §0, I'<I
f £ anai«jjcio on, inteva] x €T, then,
L(Q) i ana(vl—?c in I'€T about T
9(x

3) all devivatives of amh,é‘u, Lunckions are ana(«,Hc
Ratio kest

Suppose (aj)jen is a fequence of non-zero tevms, such that

ajs)
%

Then, ) converges <1
2 a; ( d?vev;es 171

g=l non-condusive  v=1

ﬁY as J—>OO

and?nj vadiuws of Convergence of power series

i an(ot-\xo)n = P(x)

n=0

Applﬁ'\j vatio test o
An4) (3(-’10)
an (OC-J-Q)'\'

Ay (2-2c,)
Qn,




if convevgent

amn (x-2,)| —— | |x-2J<1  ay N 00
Om, R
—> |x-1,/<R

R:vadius of convergence
Thevefore P(aL) conve'fges n infeWal (xo-K, on()

| awn (1-10)‘ — 041 joraln = R=o
Anm

Eq/u’u\la]en{' -}omulah’m,

Congider a §evies

i a,\(:x-oc.,)n

n=0
Then,
im [&n | =R ov @O
199 A
R:vadius of convergence, inkevval (xo-R, L,4R)
if R=e0 = R=(w, o)
o0 m
l)f(&)':g:Z'_d' , BQmix | = (M,}l.:)(, _;O(las M — 00 V;x,
m:=0 M'l ﬁ.v\l M'H) I
= qadius of Conve'rjenczi R- ('00, 00)
00
NOED I
n=o
lim |an | = lim2]=1 = R=1
n->20 ant) n-)eo

DiHefenHahnj power_Sevies

M X M, o0 M, M
d d (1-2) =S ond (x-a,)
dy™ nzo T mzqmdm °




Reduction of Havmonic Oscillatoy

W'(%) - 'mio o) = -2m E ulx)

R? 2
Dimensional Anaiﬂﬁs
Note [E]=[v]= AL
Jo i
(€] = V] = [nd2fa] = ][] T]
- ﬁ[u]zlz(: %l{‘
= |[w] =

1
L
Furthey [#]= [E]T= A'IT_ Wwe see

] A

12

[w_E] =M =M=/
R [E]lT2 m?

Non - Dimensionalisation,

Define

zﬂex ¢=mER =

K MW AW

v(2) = u(x(2)
dubsh{:uhnﬁ

Vi(2) + (e-2*)u(2)=0|  Dimensionless Sckfddinjev ETMHOV\,

For £=1 :gatisfied 57 Gaussian, function,
-2/1

9(2) ) 9'=-2j
4 e';?/‘) = (#%1) e—i/z
dz?



Fot other othev other potentfal yolutions, see whal happens for |2| — oo (lm’ye |2])

Tn this case € neylijible ompared to 7 = qll solubions should behave a5 €72
for lar?e z
_2'/2_ |
Therefove  define 5(2)= e = j:—2-9
1 - R
el = o) = vy DEARAR.
) Fov |mr’e 2,j=e/"X
Jubsmu{?n? inko v +(-2)v=0 AR
1 = g2y
Hence in dimensionless eqn | ¢ nejleoled
K'(2) - sz' + (i"')k =0 V"%Zz\g" and 9 Sal'u}ies the eqlv\ahon

Powey Sevies olution, and energy JPecHum,

Jhakeﬁi Search fov a solution in fovm of power sevies about 2=0
X n
h(z)= 2_hy2
n=0

Consider 5enem\ 0DE
w'(2) +9(2)u'(2) + cL(%) u(2)=0
We Say Z=2, s
> 2, is an ordfmm’ point if o(2) and ql(i) ave anabytic at 2,
P\sinyulav po'mjc f (2-2,) p(i‘) and (2-20)27/(2) are analxohc
> 2,0 1m7u|av if none of the above i fvue
Cauckﬂ's Theovem,
Let 2, be an onlinmr? Po'm{' of ev\ahor\,
w'(2) +p(2)u(2) ¢ IL(-Z) u(2)=0
and p(2) and 4(2) have Taglor series about 2, with convergence vadii Rp and Ry

Then, 3 2 Hneavl7 independent Solutions to w;(2), 1=1,2 with power gevies expansion,
Q
Mi(i‘) = nzou;l,\ (2-2‘0)4'

with vadii of (onvevgence Min (R?,P\q) =R ¢ R;



T
¥ W) - 22K 4 E-Dh =0

p(2)=-22, ¢(2)= £-1 , both have R=R == has a {'aj\((;'f senies convu?en{' evevjukm

abouk -
Obsevve

(D)= b2 = )= k"
n=0 =1

= W) =] nbedh 2"

n=2

Jub\i{'ﬂ'u’c?nj o
2 Al)hg 2V =20 nhed 4 ()2 _h 7 =0
=2 n=1 n=0

Jk?H?ny summation, Sndex (chanje of index: m=n-2 => m=n+2)
= n-2 = n
S a) e e 3 (w12 (a1 gy, 2
n=y n=0

we jei'

o)

[2h, +(e-1)he) 4 Z_[(nﬂ)(r\ﬂ)kml-lr (i-Zn—l)kn] 2"= 0

nz1

The above ev«a{?on must hold fov ol 2 = N-? ne"(io\ to 'mdePenJenHﬂ cancel all coefficients
ot 2
This J'wes

hneq = (Znt1-£) | (x)
T ((A+T5(l\+£1:) "

2 undetermined constants ho, h1

Note:

Eq, (¥) has the properky it connecks - even, Indexed coefficients to even indexed coefficienks
¥ Fopery c -odd fndexed coedficients to oM'\' ndexed coefficienks

Thevefore we have 2 ?mlepcndent Jolutions.
Futthet the velation is homogeneous , 5o has form,

kll\ = He(“) L\; hm{.\ F Ho (n) l\1




Therefove,
1) "ofo, hy=0 = even Solubions

= h(2)=h(-2)
Dhy=0 ht0 = odd solubions
= h(2)=-h(-2)

The radins of convevjence 1

2

R= fim |hn||hast] = lim [ha | = lim (n+|)(n+zz‘ —
N9 hati || hate N | hnso A% | Inkl-¢
= Rz 00

= hz) analybic on, R
We have 2 cases:
DINEN st VnzN, hy=0 = h(z) bncakes to o pobynomial.
= v(2) is skl noymalizable as as asymptoic behaviowr is

-2

dominated 57 e

ANEN st Yn2N k=0 = 3N st 2N4H1=¢ 21_\_5_
(A]

= E=Ru<l\!+_2|:>

2) h# 0, YneNu{o}
For iaqe |2], behaviov of 2 m'ngH inberfere with exponential decay
For lm@e 1, r\>7max<1,£)

n

kMz ™~ A h'\
n

2

and this is bad | this iy same behavior a5 ¢ Observe

2 (a9 2n, 1 n even,
d= D U T2 4= ()]
0 n 0dd



(=41 w odd

j Q¢
9e=Z‘(’ﬁ = a«:{o n even,

From, the above 2 Taylovr expansions, we 3& tecurvence velation,

Gpy, = L ap,
N2 "

2 -f/ 22 22
Therefore hz)x & = v(z) 'me ‘ez h

NOT novmalizable
Therefove fov v(2) to be novmalizable, (kn]:, must trancate, and we have

P Tw(l\l +'_)

A

Now
Em'-EN:Ku enev” e1ua|17 P|aced
The Wavefunctions: the solutions

Impowr%an{ !

R 2:1
’N'—'—O ﬁ E=£¥
degee of h(z) i of degree N=0 => h(z)=h, constont
-,1\-2/ Uy - M0y
v(2) = hoe ) = u.,(z)=(mg) l‘c w
noTm i,

P N=1 => E, = Shw/z
degree of N2) s N=1L => all y=0 ¥ n22

== he=0 novder to cancel dll even, tevms

Heace h(2)= he2z . Find h, 57 notmalization, .

Z Yo W
"1(2) = klzczlz = | () =(lm303) t xe )
noYm, 1§




P N22 = E,=Shwf2
degree of h(2) s N=2 == all =0 Y123
=> k=0 to cancel 0dd terms
Hence h(2)= hot hy2" and hy dekermined by eckrsion, g, above

‘\2_':' -Zl\o

Jo we ge{' wavefunchion,

2 l

@) = ho(1-22)6** => | w )= (M)

noYm,

P N=3 = E=Fhw/2
dejm of hz2) s N:3 = all hy=0 V ﬂ-’lf
= h,=0 to cancel even teims
Hence h(2)= hz+ k323 and h, defermined by tecursion, eqn. above

b= -2h,

Jo we ge{: wavefanchion,
° v,(2) = hi( J) h 0\3(&)=(‘“€J)x(1-2mf)e 2%

noYm,

Example calealations:
) N=0 =D dej(k(a))=0
= n(z2)=
Shown that v(2) =h(z)e /Z = v(2)=h 77

Mk)_x_

Jubsjt'n{:u{in? z:ﬁ%x = V‘o() hpe IN

Nomahsinﬂ
v g md 2 [X_
fu°(x)i,,(x)a|x =J hoe ¥ = 1 = h e =1
Lo Yo R

ﬁ ko‘.: (M)/Z
AR



2)N=1 =5 deg(h(B) =1 and he=0 V22
= he=0 to cancel even teyms
h(z) = h,2
Shoun that v(2) = h(z)e&’h —> (2) = hyze v

Substituting 2= f%x = u,(1) = h, n%_wxem

Nomal?ﬁnj

® ooz 2 -MI?
J w (%) (2) dx = Jk, mwxe R
20 -0 R
2 coz_MJ(}
= h.m[ xe © dx
R

"
E
Ml
\
&
2 k)
]
(BN

Move genemﬂ(’, the pol‘jnom'm| solubions h(z) to the eaLuahor\
N'(2) - 22k +(-1)h =0
e Keown as Hermite PO'l,Aom'mls uma"7 denoted by
Ha(2)
Plot of wavefunclions

4 MO(JL) .
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THE METHOD OF FROBENIUS
Consider Second-ovder lineav ODE
W) 4 pled(n) + g(x)uln)=
Tf functions p(x) and @(u) are NoT ana|7’n(, at a=2x, then cannot appL] Cuuch7'5 Theovem.

Howevet, if L=y is a veqular singularity, ie. (- 2,)pla) and (x- at)q,(a) are anaiyl—io,
then, Ferdinand Gem? Ffobez\,ms fell? u H?a{' we Can, -fmj a Solution, i form

alx) = Z cn(x—mc)nm
=0

This is established by Fuchs Theovem,
Fuchs Theovem

Let x, be a rejulav Jin\’ulav pofnf of the Second order linear ODE
M(JL) + p (-’k) + q{(ﬂ (

Then, & Jolution, w(x) a‘”“?’ exists and hay fovm

) nto
)= D cplx-ay) 7eR
n=0

whete o is patameter we £ix

Consider the eftuaﬁm\,

206" (x) ¢+ x(2xs) 6 (x) () = 0 + 245
= u"(at)+ (l +_L1)u (x) - u(x\=0
2 222
We have

P 1) =1+1

1%
() = -2
v 2o

Jo =0 15 a 'vejv\\a'r J?nju\m poinf. Hence

w() = f_&cn(x-xo)nw



DT—HemnHaHr\?

o0
+q
Plx.u(ot 2 § nto)(nta-1 cnm"
n=0

o9 o0
(7.1+I) ) Zo n+¢) cnx + Z nta) c,\x
nz
& ntg
> 'M(y-) E Ch X

nzQ0

JMHM} swmmation to match powers of X,

[-.9) o0
zZ_ n+o‘)c,\ = ZZ_(nhr- l) C,\_lxnw
nz0 n=|

Now extract n=0 tevmy fvom obher 2 $o we can clmP sunmabions

+0

(20
208 ) = 20 (0-1) ¢, X 4 22 (i) (nta-1)a
n:|

1(1at)u' () = ¢ + i[l(nw—t)m-u t (nt6)e) £
nc |

+0
J.) = ’Cox Z Cy\‘ C

By éubsh{uhnj into ODE, we 3&
(2041)(0-1)a" + Z_[z(nw oy 4 (2n 4204004 0-1) 0 ]2 2 0
Al coefficients mast vanish }den{'fca”»]
(20'1") (6")Co=0 indicial eti/ual'iw\,
2nta-1)epy = - (2n 426 41)(nt0-1) co,
To avoid non-‘c'rivial solutions
610, (2041)(0-1)=
= (= {—1/2
1



The Tecursion telation i

Cn: - 1 Cn.| VneN
N4+0+,

Jinp‘i{yinj B’ ﬂeanj

(=1 c_=<-_' )(_ 1 >c-
neorly | \ntgrn )\T a7 VP

Cﬂ: 1 (o
A TR ez )

-

n,

The vadius of Convergence

R= lim

N0

On-y
Ca,

= lm |ntoc+l]| =00
n->00 2

Lookinj ot cases 0=-1/3 , g-1

» 0=-1/2:
n

n
Ca= ('1) Co = _(1)_.60
n ni

1-2-----n

and this gives WS an immediate solution,

! 9 1y -
w,(x) = ¢, aL—/I‘Z!—_")_&x“’ R
n=0 ":

B 1G5 fan) ¢33 1
—

n, LY

= 3(-2) «,
n+3)11
n
= Cn =(Q1L;}_ Co
1n43)!1

Double factorial function,

CO
T o)

(1) o= L) ox3 e s ()
5.3

(2k-00'0 = (2k-1)(2k-3)(2k-5) -1V reN




Hence the second solution, has form,

9 " A+l
() = 32 i_)j'l X
n=0 (1n43)!

Using Fuchs Theorem, we found 2 |ineml7 independent solutions.

Consider any Jecond ovder linear ODE
W) + plaul (x) 4 Q(x)u(a) =0
with vegular singlavity ot x=x,
Tt the 1oots of ¢, and 0, of the indicial equation,, then,
© 0,-0,4 Z,then, we have 2 linea1l7 ’mdependenf solutions
¢ d,-6, € NU{OY, ovder vooks such that 0,20, - then, there exists a power Solubion

M,(i) = Z (ap\,('x'xo),“'
n=0

o

{oje“w with & gecond solubion with the -fo”ou?n? form,

nta,

) = o, () loj(m) + i_éz,\, (x-a,)

where «¢R can be determined as a function, of 0430 and ¢, #0

Consider the e(”uahol\,
xu' () 4 2 () +wle) = 0

= W@ +24 @+ 1wl =0
% X

4 P(ﬂ.):%

b qla)= oiL_

Therefove %=0 15 a Jh\ju\m Poinl’

To make Jo(v'm7 simplet, mlHrL} Jckvoujk b? %



' @)+ 2500 () # 2ule) =0

App\t,h\j Fuch$ Theovem,

o0
cu'l)= D (nte)(nta-1) c,\oc"w
n=0

2w () = 22 (nto) cmx”d

n=0
2 nto+| £ nta ,
xulx) = 2 CaX = Z Cp- % Jk?)lHnj Jummajcnor\,
n=0 n=|\

Isolahnﬂ n=0 terms and Combir\?nj Jummalions
(0]
oot e’ + D [(mo)(nto+0)ey + 6o ] £ =0
Nl
We je{ ndicial eftuakom
a(ot1)=0
= hoots 0,20, 0,=-1
Obsevve 6,-0, =1€¢N vfoy = “P?"] second case, we have a lojaﬁfkmic term.
P 0i=0: We \,e‘: Tecursion, velation,

(o= - mcm ¥ n20 Jk?}f?nj velaion, by 1.

o0
= |z o> Ll S
n=0 ° on

The tadius of (onvergence s

R = [im

N->00

= |m (nu)(nn) = 0

tn
Cn+l




» g,=-1" The vecursion Telation ill-defined at n=0
1 ¢

Cpsr1 = -
il n(n+) t
-Se{%'mj (=0 and take ¢, a5 notmalization constant vephoduces i, (x), so not 3000\.

Leks {17 solution, o-f- »jom, (ansﬁz)
u, () = o(l03(ot) w, (2) 4 v, ()

vhere 2 |
Vz(-x-) = Z C;\,.’lfH‘G-
n=Q

D?ﬁmn(:iahny
u',_(x)= A Lu,(ot) + o(loj(m)u.' () + V,'_(at)
X

w, (x) = —,(Iliu\,(x) 4 o(JIL_u,'(JL)+ o(iMKOL) + o((oj(x)u':(x) 4o ()

Jul)smult'mj into dTHerenHa‘ eq/ua[:?o»'\,
a(lojx[afu':(xh 2 () 2w, (1) ]+ 2uocu (x) + Qut, ()
4 xlv;_'(i) + 25y, () 4 au,(2) =0

= u,iv,i'(at) + va;_(x) + :xvz(ot) + deu,’(x) + o(u‘(x) =0

In.sanj powey gevies for W, and v, , we 3&

Z[(AH n+|+6]x + Zo( n + ﬁn_ﬁ‘-r%l =0

n=0
Recursion, telation now splits into an equation for =0 and another valid for 0>0.

(o= ~%6

o~

(.. =_1 —ae, (1) 2041 Yn>0
bi rm) ° nI%nHj\



Quantum Particles in 3D
The time Tno\epena‘enk Jckv'd(linjﬂ ('.1'1/\0['701\, n 3D s

-2LZ V) + V@) = Ea®) | TDSE n 30
M

We will limit owr atbention to central pobentials
v(Z)=vlv) vz |zl
Anjmlaw Momentum,

Ta classical mechanics, anjulav momentum, 1S

L=%Xxp

-
and for civeular potentials, L T conserved, as
= A A a2 A S 7
L=xxp+xXxp and p=F=Vy(v)

.

BN 23 0
= -'LX(MJL) 4 M Pam“e‘ vectovs

ond furthey, fov civculay potentials,
In classical mechanics, conservakion, of Lia power-ful featwre as from, this

> divection of L gixed = allows us to reduce mokion from, 30 o 2D since
particle moves in, plane determined bl’

L3=0
’|l—:|2 i fixed = veduce problem, to 1D motion, in, vadial diveckion.

SEPARATION OF VARIABLES: Quantum
Anjm'm Momentum,

Tn quantum, observables ate opevabors. Hence

AN

[=%x7

and vemember, ackion on, uaw,}unct'nom 1

xu(®) = Tu(®)
N

7 u(@) = -k (@)



ComPqu\j components of the operabor T

1,u@)= -1k <xzi _x 9 ) w(x)
dxy  Jx,

L@ = -% (1535’; -2 )u(az)
| 3

,I:J w@) = ik (:x,,,a_ - x,9 > u(x)

dr, I
These relations can be summavized usinj all:e'mahnj tensor

ZIZJ: 1 £;JK = -Zj"k = -ZKJ.E = —itk\,

it abe is not a permatation of 1,2,3

é+1 if abo is an even, peymatation, of 1,23
-1 4 abe 18 an odd permutation, of 1,23

zabcz

The anjulav momentam, opua{ov can be rewritten, as
3

Tw@) = -k D> &, 19 4@ = -ikex 3 u@)

L 19 9
eV Yoy ? N 9

Sammabion convention,
vepeated index

We can alo define angulay momentum opevator s

ARRERA
=P ARX

1> —p

md Xxp=-Px

Commutation, Relations

Componen{s of ar\ﬂula'{ momentum, othv do not commube amongs’c themselves.

Caleulating the commatatoy

[i; ,ZJ'] F Z;ZJ T ZJZ, = ﬁ'\.f.;jkll:,(

Note.: The fact that [2;,2\)] £0 means particle cannot have a well-def

in, all thvee divections Jiﬂ\ul’can,eoushj.

ined anjuhv momen sy

T4 for example yow Know anqular momentum, 21 then, theve will be necessavily some uncetbaink
_ ple Y 0y 1 J

in the anju‘aY momentum, 0f “the othey tuo.



The same H\'mj happens with posihov\, and momentum,
%, ,f;J] T 3‘&.5;‘)
which tells we cannot Kaow with infinite precision, Ly, p, ; the uncu{ain{’ pv'md?‘e

The Comml‘a(:?m velation can be pAoven, eﬁm‘]- Foy exmp\c, for i'=1l J=2

(1,0 ha,,Ty =it

(£, 1 Ju(z) = <'.t)2(xli-xei )(x;i_ 12 )ulz) 4

_(-iR)z(xsi R N [CERENALC

dXq Iy Iy o,

> 2 2/ 2
-Rz(xl_é_ 1, u(T) _W%M+ x,%; u(d)
91‘3 o axz .'X,laxl 312913
2 /s 2 s 2 A
+ nl(xzxsiu(ﬂ _%uﬂ/_ x./xuﬁﬂ x9 au(;))
9o, 93 X, 0%, ox} oX3 9%,

= —Rz(leil ta,n, dul®) 4 xx, 0ulz) )

ox, Jx, 9%, 9%, Jg

t Rz(xzxs.aifil + xpduli) 4 x,éMi))

a-l\ 313 93(.29 JLJ axz_

m(-m)(x._a _xza) u(®)

JL, X1
= ki, u(X)

The total an3u|av momentum, opevalov

2 2

A A
=1, +1, + L

This commutes with all the angulav momentum Mponenks

N

[T°T.]=0 Vief1,2,3)

This means that a guantum system, can have a definite fotal angulav momentum, with a definike
Component of the angular mome‘,nl-uw\, in dome chosen, Tefevence divection, wsually Lj.



We can prove this us?r\q the }o"ouinq ?denk@,
[A°8l=A[AB) +[ABIA| VA,

>
>

Then we 3e1L
[T20,0= (17422 412, 2]
=(27, 11 +[2,, L] + [1;1)]
Obsevve that

A2 A~

e [L,,L,]=0 since any obJ'ecf commutes with, iksely

A

' [zi,z‘] = T—)_[zl,li‘ll + [1\1, 2|] LL = -21[2“21.] - [7:“/[_1]2
w(T,L, +1,1,)

I "
! —
™~

P S

Lol ‘dl‘—)

s

I~ '~

— N

fince £y,=-€, 2¢,,7 L.

132
Hamiltonian Opevdov

Anal‘ji?nﬂ commutation, velation, between, Hamiltonian oPem’cov and Mjulaf momentam, opem‘rov.
The Hamiltonian, opetator it

ll‘/ central Polenl?al

H(3) = (%’; 7+ vm) ul(3)

This oymhf commutes with the an9u|m! momentum, ogm'rov a$ Pohnhﬂ s cenbval
A AN A D
[H,L]=[H,T%)=0

To prove this, obserie
[T, 323] : ike;jk&\x
[L;,7,] = 1 Eiik P
and then usinj the iden‘(:’n, [A\z, JE ?\[2?3] + [K,fs]ﬁ , We can Show
(1,311 = (1,82 ] + [4;, 221+ [T, 23] = 0



[£;.3°] = (L, 52 + [, 520 + (L, 52l = 0
These velations ave all we need, Since the Hamiltonian
A N2 BEYY
H=p + v(z2)
im
’_\;z N
onl, depends on P and X
Common eijen{unc{ions of comrw&ing oPm[rovs

Two opeva’covs commate & Hm, shave the Same e'njen{unc{':ons

This Shows uluj commutations matler, e.fpec;a"y with the Homiltonian.
Tn fact, we wont a dolution to the 3D TDSE in tevms of the Hamiltonian, veads
Hu@) = En®)
Hence. any solution s automatically an e’ujen{unckon of the Hamiltonian. But gince H commakes

w’;H\ boph A2 A
L (MJ LJ

commates with H ond these commute amon,sf themgelves, the Solutions we ave (ook'm9 fo¥ can be
taken to be simultaneous eh)en{uncﬂons of these 3 operators

H“m,llg(i) = Euy ()
CEZMM'(E@) = ({14 )% “M,L.E(i)

A /\/Z\/\av\ u\a{ v«an{'vw\ nw/\bev
Ly MM.L‘E(?‘) = "\T"“M.L,E(*) A

The teason uk‘) we chose 4o pavametvize the e?genvalues o} L5 as AU+ will be clear in
next Section.
The Eijm{an&ions
Look?nj at
Hul(R) =(_’§ + V(|§|)) u(x)
Im

Jince we ave deal?ng with centval po’renhalsi wse sphevical co-ordinates.



Jpl\eﬁca‘ Pola'vs

X, = 15inOcos@ 1€R,
X, = VSinOsin 9elo, r)
%= vc0sO e lo,2r)

Need +o convevk exwessions

= -k <:X.2.a _3",3._- ) (\‘X..)
d X, JX,

%, 813

L,u@) = -ik (x,ﬁ , )u\(x)

in 4evms of polar co-ordinates (v,0,8). To do so, we appl-, chain vule

9 $(1,6.¢) = 3v 3 (r,0,0) + 363 $(v,0,0) + 38 3 £(+,6,¢)
ox, o, 97 9%,00 ox, ¢

The Pav’nal devivatives 31/90( and Jo can be found by deviving expressions
With Yesrecjr to oy

(A) 1=ginOcosq 3 +Ycosecos¢9_Q — ¥s5inBsing 30

ox, 0x, ox,
(8) 0= JnOsing 1 + vcose.smq&s?ﬁ - 45inBcosg 20
0x, Jx,
(¢) 0= cos@3r - v5in628
0X, ox,

Taking combinations
[(A)cosg + (B)sing JsinG + (c)cosB

= 3 = §inQcos P
31,

v, 27 Similar

0%, 9%



The end vesult is
N\
L= 7K(Co{-0 s 5@. n J}nqﬁé% )
R cotouin@ 9 - cosd 2.
( $3 5 ¢&6)

L= -k 2

Total Anﬁulav momentus, operator is

>

2 A2 N2 T2 2
:L‘-I—LL-I-L3=’_'E¢ [J|n93d1n99 +i]
anel  Je g8 9¢

Abms?n9 notation w(v,0,8)=u(X)
Finding e'ljev\{u\ncjrions an3u|av quantum_nunber

/I:J M(&) = kW‘LM(i)

f(ww\ 1,0.¢) = |}<i w(v,9, ¢)
img

= M(7|9:¢)= Q 1|9)€

Impose w(v,0,6421) = u(v,0,¢) =|meZ
Now fov ffl

f"u(v.e, p) = 524 (£ +1)u(+,6,0)
-,f( [ ’ ¢Jm9 d_sin0d Q(v 0) + Qlv, 6) (im) em¢]
§in'o 00 00

= _ I [ewsineﬁ_aine_?_Q(v,e) -m(f,e)] = AL +1)Qlv, 6)
Jin’e 00 98
Define X =cosOe[-1,1]

sin0d =5n0dx d =-sint0d = (c0s?0-1) 4 =(x*-1)d
46 de dx dx dx dx



snd dsinod = (=) d(xX-1)d = (P-4 4 (x1)2%d

de

In terms of

de dX dx
X and writing

R(+)P(x(0))= Q(v,0)

We 3e’r

Fl[

dx dx

ax dx

(x* 1) d (%-1)d - m’} p(x) = L4 +1)p(x)

= ﬁc[(

1-x7) (%) + AUn)p(x) - _m! p(x) =0 | Associated Legendre Equation

I-x?

when m=0

dx

_ol[(l-)cz)P'('X ]+1(X+I)P(k)=

Le 9¢ ndve Equa’rior\

Let P‘(?C) be a Jo‘mhon o Leﬁendfe qu\a’c?ov\ with e'ujemmlue X(HI)_

Then, fov any meZ, the -follou'mj the funchion,

Solves +he associated Leaendu eqruajrim\ where d

p(x) = (1-%%) /ZA"“' p(x)

dx™

dx

Lejendm quuahon

D?Hevenha‘dn? LeSena‘m eclua’don

p"(x) -

(%)=

[(n-x‘) Py (x)] £ UH)P(x) =0

2% P(x)+JMPx) 0 Vxel11]
- x? | -

-2X% Q(x)= 2(441)

|- x* -x?

d?ngu‘aﬁ{ies at ')Ci =t1



Check

lim, (X-%4) T(X) < 00

XXy = X4 i a 've9u|av \s'mgu\oﬁhf
lim, (%- x) Q(x) <0

XX,

EApandmj avound Xs=11 = wse Frobenius Method

1) 0
3 solukion P;-)=Z__h,\(k-ki)n+o- deR
n=0

X=0 1 an ovdinm.j point = use Cauduj Theovem,
E)(pandmj aiound x=0

me

Di-{{e'ren’('xa{'ma
P(x) =Z_ P X!
n=0

00
x) = Z_pn n(n-1) X
n=0

Considey
(1-%*) P"(x) - 2%"(x) + A(2+1)p(x) =0
Jubs“{ul:'m?
) 00
Z__ nlk2+Z(1 pnnlk —ZZPY\X +ZX(X+I)PA =0
n=0 n=0
\”\lﬂm? index
Z_p,\n(v\l = Z pmz(mu)(ml)xw Mzn-1 =) N=mt2
M=
n=2 = m=0
0
= Z Pn:,,_(MZ)(“H) X Nn=0 =2 m=00
n:z=Q

'Yenm'\?ng Nm



Com lﬁning Sumg | we get

3 [l )att) pay - (nlns) -tltstl g 1= 0

n=0

= recurrence vela{iov\
= ‘g-f)f““l)
faea (n2) (a4 fre

Radius of Convergence

R=lim | =>?\2=|im atl | = lim | Pa
N0 | p,. 200 1l ppsal 7%l Pane
= §n+;2§n+12 |—> 1=Kz
nlnt1)-L{L41
] RZ:,
— R=1

In order fov power sevies olution 4o be finite ob X =11 = polynomial must tvancate

= o solukion does not blou “ at X=t|
p, and X undetermined constants

P°=() and P1=1 = odd coefficients vanish

Pz= - 1‘14—1)

2
For examyle, Suppose 1(“1) =6

® z-slf-_g((m) =0 => p=0, v, p,=0

=> P,(x)= 1-32" when, £(441)=6
In generl, it Lt41) e N = solution, s & Pol,nmia‘
L=N
ov = B%) is « polynomial of otder X
{=-N-1



X=¢s0 1 0=0x = X=%1
quontization, 162 = ¢o polynomial Eruncate
Soltion does not blow wp ab X =1



Jolvin7 vadial eq’aahon

Given, diffevential eq'uahor\,
il i[v’k'(v)} + [ e 1 +#s(s41) 1| R(r) = ERGY)
im Y2 dy hxéo Y 2

> ve[o,ao)

> [im, R(x) =0

Y0

I) Non - Dimensionalize

[di,l%}:[' [Lg}zgz [mf]:t."

[&]= L{wE]

Fundamental leng{:k ®

» a=-guE [a] = 1
Rt L
> neme 1 [n]=1
175,k a
> S=av [s]=1
» V(s) = R(%a)
Jul:sl:ihhn7
& 4d {J_Zaf_dv(s)] + [-he_z a + L(41) | w(s) = 2mE v(s)
$t ds| o> ds K xS RZ
B B
=an, -1 4%
(.L =& d=-qad ) &
r dr  ds

= {acm‘ovin, ot o and cance"it\y,

21 d [a’_d_u(s)] + [-_& + 2141 } = -1 (s)
$*ds| ds Y st k

?-)Analc,%e as’mﬁo{ic behavioy

Look at §—o00, we 9e£

_dvls) -2 d ol + [_& +MJ = -1 p(s)
dst S~ ds r L k



Tn the limt g0

-l v = 9(s) ~

4 J=o0

Nant want wave funchion 4o be novmalizable and limR(v) =0, 50 e need funchion to vanish

= choose neﬂah’n exPonenHal

= \7(‘5)=c-s/z
Hen -
3 \?(s)={($)e fe where f 5 a po',now\?al
o we have
(s)e3h A A4 1] 4(s) i® 1 4) e
dids[ ds(+ )} [ S J‘P e ‘t7L

= 14 [“/’(f'(f) -#)/2) +[A+xuu ],c(s)e - um
$% s

= -2 (f'(s)ef’"‘-&)cs’z ( o }}(’)/ "‘+l (s) "”’
\) 2
n
J

[ p A(L41) 3 ],c(s);”‘: 1 glsbe”™"

= -24'(s) $14-4"6) +4'() + {-A+1(l+l)'_]f(5) =0
$ S S §2

writing in standard form

FUlt )60+ (3~ L4 )0

‘—’ 51n9«lavif7 520

3) Expand in Jevies
Cage 1 : Expand around a vegular poink
Case 2. Expand avound a veym‘av (ingular point — Frobenjius method
Consider ODE:  y'(x) + P()u'(a) + Q(x)ulx)= 0



X, s a Vegu‘u sinjmlavﬂv = lim (K-%o) P('i) e

X%,

lim, (x-2,)Q(x) < 00

X%,

Expandmg avound =0, use FvoLcr\‘ms
Z;‘ﬂ\ ki 0cR, hyt0

0 bsevve
£05) =D halmea)s™
m:=0
£(s) = i(w\ﬂ')(mw'-l) s
m=0
subshh{::nj into

sz"(S) + (ZJ-Jz)f'(S) +[(r\-l)s-1(l+l)]{-(s)=0
we get

00
Zh..,L mic)(mte) "7 4 D haa( (mta)s™" Z_ )h (mw)\‘mm
m=0
o0
£ (n-hns micH _ Zi P Pakd
M:=0












